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A model for the effective conductivity of a dilute and disordered composite material containing randomly
single-wall carbon nanotube �SWCNT� inclusions was formulated. The modification of electron transport by
the surface curvature of SWCNTs and an axial depolarization effect due to the finite length of metallic
SWCNTs are taken into account. Simultaneous consideration of both effects permits the correct interpretation
of the dependences of the effective conductivity on the frequency and temperature, and explains an experi-
mentally observed terahertz peak in the spectrum of the effective conductivity.
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I. INTRODUCTION

Carbon nanotubes �CNTs� �Ref. 1�—single- or multi-
walled hexagonal networks of carbon atoms rolled up into
cylinders—are extensively studied as potential components
of high-frequency electronic circuits, such as transmission
lines,2 interconnects,3 and antennas.4–11 Much attention is be-
ing paid nowadays to the electromagnetic response of com-
posite materials containing CNT inclusions, as these materi-
als are promising as optical and terahertz materials. Although
the characteristics of these composite materials are dictated
by the properties of isolated CNTs �Ref. 12� but the relation-
ship appears to be nontrivial—as indicated by several experi-
mental reports13–22 of a broad conductivity peak in the tera-
hertz and the far-infrared regimes displayed by composite
films containing CNTs. This peak does not conform to the
Drude conductivity model, which was originally expected to
be valid below the optical transition band, and thus requires
incorporation of additional physical mechanisms.

In general, these mechanisms are related to specific geo-
metric features: either the finite length6,8,19 or the finite radial
curvature of CNTs.22,23 The curvature of a CNT leads to a
modification of the orientations of � orbitals of adjacent car-
bon atoms and to the modification of the overlap integral.
The electron-dispersion relation therefore changes. As de-
picted qualitatively in Fig. 1, in the vicinity of the Fermi
point for conductive CNTs, the relation E�pz�= ��F�pz� of the
Dirac type has to be altered to E�pz�= ��Eg

2+�F
2 pz

2 that indi-
cates a narrow gap; here, E is the electron energy, pz is the
axial projection of the electron quasimomentum, 2Eg is the
energy gap, and �F is the �-electron speed at the Fermi level.
The effect of the narrow gap in Fig. 1 is referred to by us as
the curvature effect.

Theoretical analysis24 suggests that the energy gap 2Eg
��3 /16��b /R�2�0 sin�3��, where � is the chiral angle of the

CNT, R is the CNT radius, b=0.142 nm is the interatomic
distance in graphene, and �0�3 eV is the overlap integral.
Thus, the magnitude 2EgR2 is maximal for zigzag CNTs and
2Eg=0 for armchair CNTs. For typical narrow-gap CNTs, the
frequency Eg /�� lies in the vicinity of a conductivity peak
in the terahertz and the far-infrared regimes.23

An alternative interpretation of the conductivity peak is
based on phonon resonance.20 However, this interpretation
contradicts the weak dependence of the peak’s parameters on
temperature.18

Thus, the available physical models agree well with some,
but not all, aspects of the available experimental data. How-
ever, the correct understanding of the origin of the conduc-
tivity peak is important both for modeling isolated CNTs as
well as for using composite materials containing CNT inclu-

FIG. 1. Solid lines: electron dispersion relation of an otherwise
metallic CNT with a narrow gap due to curvature. Dashed lines:
electron dispersion relation of the Dirac type. As these schematics
are for free � electrons, relaxation is not included.
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sions as coatings to reflect/absorb electromagnetic radiation.
In this paper, we present a complete physical picture of

the terahertz conductivity peak �TCP�—through a model
which addresses both finite length and curvature effects, such
that both phenomena are mutually complementary, not com-
petitive. The finite length affects depolarization25 by a metal-
lic CNT significantly when low-frequency axial plasmon ex-
citations occur, with consequent effects on the effective
properties of composite materials containing CNT inclu-
sions. Our model demonstrates good agreement with differ-
ent experiments over wide temperature and spectral ranges
�with the regime of optical quantum transition included�.

II. EFFECTIVE-CONDUCTIVITY MODEL

Let us consider a dilute composite material comprising
randomly dispersed, randomly oriented, achiral, single-
walled CNTs �SWCNTs� of different lengths in free space.
The chosen SWCNTs are described by either the dual index
�m ,0� or the dual index �m ,m�.1 We designate the single
index j to identify the type of SWCNT. The distribution
function Nj�L� describes the number density of SWCNTs of
type j and length L. All orientations are equiprobable and f
denotes the volume fraction occupied together by the
SWCNTs �conceived as cylinders of volume �Rj

2L�.
Our model requires the calculation of the complex-valued

effective conductivity 	ef f of the composite material, as
function of the angular frequency 
, using two different ap-
proaches. Approach A is a long-wavelength approach valid
when the length L of all SWCNTs is a small fraction of the
free-space wavelength �. Approach B is a short-wavelength
approach that is applicable when finite-length effects vanish.

Approach A. The simple Waterman-Truell formula26,27

was adopted to estimate the effective refractive index of the
chosen composite material as

nef f�
� ��1 +
4�f

3k2 �
j
�

0

�

Fj�0,
,L�Nj�L�dL , �1�

whence 	ef f�
�=
	nef f
2 �
�−1
 /4i�. Here, k=2� /�=
 /c is

the free-space wave number, Fj�0,
 ,L�
� lim→0 Fj� ,
 ,L�, and Fj� ,
 ,L� is the plane-wave scat-
tering amplitude of an isolated SWCNT at angle  with re-
spect to the direction of propagation of a plane wave by an
SWCNT of type j and length L. The factor 1/3 in Eq. �1� is
due to the random orientations of the SWCNTs, furthermore,
as each SWCNT in free space acts as an electric-dipole
scatterer,12 the equality of the backscattering amplitude
Fj�� ,
 ,L� and the forward-scattered amplitude Fj�0,
 ,L�
has been incorporated in that expression.

In order to calculate Fj�0,
 ,L�, we applied an integral-
equation method which relies on the prescription of effective
boundary conditions for the electromagnetic field on the sur-
face of a SWCNT.2,8,9 The axial surface conductivity 	zz

�j��
�
of an SWCNT required for this purpose was calculated with
the application of a tight-binding model for �-electron mo-
tion that takes spatial quantization into account.28

Each SWCNT in free space has an axial polarizability
� j�
 ,L�=k−2Fj�0,
 ,L� in free space. One method to com-

pute � j�
 ,L� is by solving the integral equation mentioned
earlier. A simpler method to compute � j�
 ,L� is as follows.

Suppose that each SWCNT is a prolate spheroid made of
an orthorhombic material whose relative permittivity �zz

�j�=1
+ �4�i /
��2	zz

�j� /Rj� in the axial direction and whose relative
permittivity in any direction normal to the axis equals unity.
Neglecting the effect of curvature, we have 	zz

�j�

=3i�0be2 /�2�2Rj�
+ i�� so that �zz
�j��1− �
p

�j��2 /
�
+ i��
for a metallic SWCNT, where � is the relaxation angular
frequency �assumed independent of the SWCNT type� and

p

�j�= �4e /Rj���F /���1/2 is the plasma frequency. Then

� j�
,L� � −
LRj

2

6

�
p
�j��2

	
2 − �
p
�j��2nz

�j� + i
�

, �2�

where nz
�j��4�Rj /L�2	ln�L /Rj�−1
 and �F=3�0b /2�.

Figure 2�a� shows the frequency dependence of the axial
polarizability ��
 ,L� of a �24,0� SWCNT calculated rigor-
ously using the integral-equation method6 and approximately
using Eq. �2�. The reasonably good agreement between the
two methods justifies the use of Eq. �2� in most of the re-
mainder of this paper.

Approach B. The previous approach to find 	ef f�
� is
valid only for kL�� /5. In contrast, Approach B is indepen-
dent of L because it is applicable only in the regime of op-
tical transitions, wherein surface-wave propagation in
SWCNTs is strongly attenuated6 and finite-length effects
vanish. Therefore, the integral equation for scattering by a
SWCNT can be solved using the Born approximation. The
effective conductivity of the composite material is then given
by

	ef f�
� = �2�/3��
j

Rjñj	zz
�j��
� , �3�

where ñj =0
�Nj�L�dL. Approach B is thus applicable only at

sufficiently high frequencies. We found the spectral regimes
of applicability of the two approaches to find 	ef f�
� to

FIG. 2. �Color online� �a� Frequency dependence of the axial
polarizability ��
 ,L� of a �24,0� SWCNT of length L=1 �m cal-
culated by the integral-equation method �Ref. 6� �lines marked 1�
and by Eq. �2� �lines marked 2�, when �=3�1013 rad s−1. �b� De-
pendence of the crossover angular frequency 
cr+ on the length L of
a �24,0� SWCNT. The dashed line indicates the electron relaxation
angular frequency �=3�1013 rad s−1.
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overlap—e.g., in the vicinity of �=10 �m for the �24,0�
CNT.

III. NUMERICAL RESULTS AND COMPARISON WITH
EXPERIMENTAL DATA

Let us now compare results from both approaches with
experimental data.18 For this comparison, we assumed that
Nj�L��exp	−�L−L0�2 /�2�
 is Gaussian and independent of
j, with L0 and � to be fixed later.

Now, 	ef f�
� as determined from Eq. �1� appears to con-
form to an experimentally observed crossover angular fre-
quency 
cr with respect to temperature:18 Re�	ef f� decreases
with increasing temperature for 
�
cr but increases with
increasing temperature for 
�
cr. Indeed, as discussed
later, this feature is a general property of composite materials
containing inclusions whose conductivities are of the Drude
form.

The existence of crossover angular frequencies for the
composite material stems from the crossover angular fre-
quencies of a single scatterer. Suppose that � depends
on the temperature T then a crossover angular frequency 
cr

�j�

must satisfy the relation ��Im	� j�
cr
�j� ,T�
� /�T

���Im	� j�
cr
�j� ,T�
� /��=0. By virtue of Eq. �2�, we get two

crossover angular frequencies


cr�
�j� =

1

2
�	�1 + 4nz

�j��
p
�j��2/�2 � 1
 . �4�

Figure 2�b� demonstrates the dependence of 
cr+
�j� on the

length L. For SWCNTs of length L�0.8 �m, the inequality
4nz

�j��L��
p
�j��2 /�2�1 holds, which indicates that

limL→� 
cr+
�j� =�. This trend is confirmed in Fig. 2�b� and

should be reflected in 	ef f.
Indeed, when the conductivity of a composite material is

of the Drude type, the crossover frequency satisfies the rela-
tion Re		ef f�
cr�
= �1 /2�max
�Re		ef f�
�
�, as has been ex-
perimentally confirmed.18 Accordingly, we can conclude that
the conductivities of the SWCNT inclusions in the terahertz
regime indeed follow the Drude relation.

Using either Approach A or B, as appropriate, and with
data from Ref. 18, we calculated 	ef f�
�. In this context, let
us note that �i� the axial surface conductivity is the same for
all types of metallic SWCNTs, whether chiral or achiral, of
identical radius 	Eq. 24 in Ref. 2
 and �ii� 	zz

�j��Rj
−1. There-

fore, per Eq. �2�, the axial polarizability � j depends very
slightly on Rj as ln�Rj�. As all metallic SWCNTs of the same
length in a realistic composite material thus have approxi-
mately the same axial polarizability, regardless of differences
in radius, we did not take variations in Rj into account and
instead modeled all metallic SWCNTs as being of a single
type. Accordingly, for theoretical purposes, the composite
material contains only two types of SWCNTs: metallic �j
=1� and semiconducting �j=2�. The ratio of their concentra-
tions is ñ2 / ñ1=2.

The samples in Ref. 18 contain SWCNTs of average ra-
dius 1.37 nm and mass density 0.4 g cm3; hence, the volume
fraction of metallic SWCNTs is about 0.06. We chose R1
=1.4 nm 	zigzag �18,0�
 and R2=1.1 nm 	zigzag �14,0�
.

We set � equal to the experimentally observed18 crossover
angular frequency, when Approach A was used: ��
cr+

�1� =3
�1013 rad s−1, at T=300 K. The parameters L0=1.6 �m,
�=0.58 �m, and ñ1=2.63�1016 cm−3 were chosen to
match the frequency, line width, and amplitude of the TCP in
the experimental data of Ref. 18.

Figure 3 shows that our theoretical model comprising Ap-
proaches A and B for different spectral regimes describes the
form of the experimentally observed TCP very well. Besides,
the predicted amplitudes of resonance lines due to first two
optical transitions of the semiconducting SWCNTs coincide
reasonably well with the experimental values. This coinci-
dence is remarkable because we chose L0, �, and ñ1 only to
match the experimentally observed TCP. Thus, the value of
ñ1 chosen to implement the long-wavelength Approach A is
also germane to the short-wavelength �optical� regime,
thereby confirming our ansatz ñ2=2ñ1 that emerged from the
equiprobability of SWCNTs of identical radii but different
chiral angles.

The bandwidth of the TCP is determined with high accu-
racy by electron relaxation processes �relaxation linewidth
�20 meV� and inhomogeneously broadened due to length
dispersion in composite materials ��3 meV�. Note that the
densities of the model composite material and the realistic
composite material of Ref. 18 also coincide.

The conductivity peak observed in Ref. 18 is not related
to the localized defect states for three reasons. First, the
SWCNTs were baked to decrease lattice defects. Second, lo-
calization effects diminish with rising temperature and are
significant only at temperatures below 200 K.29,30 Third,
when the temperature ranges between 50 and 300 K, the
contribution of localized defect states to the conductivity of a

FIG. 3. �Color online� Variations in Re�	ef f� with � at �a� T
=300 K and �b� T=50 K. Solid lines: experimental data from Fig.
3 of Ref. 18. Dashed lines: theoretical results. When the long-
wavelength Approach A was used, we set �a� �=3�1013 rad s−1

and �b� �=2.3�1013 rad s−1. When the short-wavelength Ap-
proach B was used �in the regime of interband transitions�, �=5
�1013 rad s−1, regardless of the temperature. The TCP is on the
right in both figures. Arrows indicate the resonance lines due to the
first two optical transitions of semiconducting SWCNTs. In �a�, the
vertical dotted line identified by the symbol A indicates the smallest
wavelength of applicability of Approach A, and the vertical dotted
line identified by the symbol B indicates the largest wavelength for
which Approach B is valid; both approaches are valid in the wave-
length regime between the two dotted lines.
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metallic SWCNT is smaller than that of conduction
electrons—as confirmed by the weak temperature depen-
dence of the conductivity in this temperature range.29,30

Let us now discuss the reason for the prediction of the
TCP by our model. Most importantly, the frequencies of geo-
metrical �antenna� resonances of an SWCNT of the type j are
determined by the complex poles of its polarizability � j�
�
in Eq. �2�. For the first resonance we have 
res

�j�

� ���
p
�j��2nz

�j�−�2 /4− i� /2. For parameters corresponding
to the experimental data in Ref. 18, we get 
p

�j��nz
�j��1/2

�� /2 so that 
res
�j� is imaginary. Considering the SWCNT as

equivalent to a series RLC circuit with inductance L j

=6 /L�Rj
p
�j��2, capacitance Cj =LRj

2 /6nz
�j�, and resistance

R j =�L j, we see that R j ��L j /Cj and, as a consequence, the
power lost to Ohmic dissipation exceeds the reactive power.
At the angular frequency 
o

�j�=1 /�L jCj =
p
�j��nz

�j��1/2, the
equivalent reactance of the series circuit vanishes, and the
long-wavelength peaks appear in Fig. 3. We caution that ex-
istence of a peak in the spectrum of Re		ef f�
�
 does not
imply the existence of an electromagnetic resonance mode.
Each resonance mode of an electromagnetic field has a peak
in the spectrum of the photonic density of states31 but this
peak does not exist for a mode corresponding to an imagi-
nary frequency.

The TCP emerges from a strong axial depolarization field
�that can be considered to be an axial plasmonic effect19� for
metallic SWCNTs. This reason is supported by the depen-
dence of 
o

�j� on the depolarization factor nz
�j�. Whereas 
o

�j�

depends strongly on the length L through nz
�j�, its dependence

on the radius Rj is weak �logarithmic�. These dependences
are in accord with experimental data19 which show that
highly stretch-aligned SWCNTs are collectively character-
ized by a strong optical anisotropy. Indeed, the usual absorp-
tion peak was observed for incident terahertz radiation polar-
ized parallel to the SWCNT axis but not for perpendicular
polarization.19 This discrimination was presented by the au-
thors of Ref. 21 as evidence of the incorrectness of plas-
monic explanation. In a later publication,22 the same authors
discussed only the transverse plasmonic effect but omitted
the axial plasmonic effect due to the small value of nz

�j�.
However, the reverse is actually true. A metallic SWCNT has
a significant axial plasma frequency 
p

�j� that leads to a value
of 
o

�j� corresponding to experimental data while the trans-
verse plasmonic effects are vanishingly small.

The alternative interpretation of the TCP available in the
literature stems from the quantum transition of � electrons
through the narrow gap.13,15,22,23 A simpler model22 is based
on the description of the CNT-containing composite material
as a two-level system with levels placed on the top of va-
lence band and on the bottom of the conduction band and
transition angular frequency 2Eg /�. This interpretation con-
tradicts the principles of quantum mechanics for the follow-
ing reason. � electrons are not free particles and interact with
the reservoir, as encapsulated by the relaxation angular fre-
quency. Weak interactions �2Eg���� can be described by
the concept of two quasidiscrete levels.31 Each level has a
narrow peak in the spectrum of the electron density of state.
The dynamics of the system are governed chiefly by quan-
tum transitions between the two quasidiscrete levels. How-

ever, if the interaction increases �i.e., � increases�, both peaks
broaden and overlap more. When 2Eg���—which holds
true for the experimental data provided in Ref. 18—both
peaks coalesce into one peak appearing at E=0. This means
that strong interaction with reservoir suppresses the effect of
the narrow gap and the gap is practically transformed into an
allowed band. Thus the TCP is mainly caused by the quasi-
classical motion of � electrons in the vicinity of the Fermi
point E=0.

Generally, both the finite-length-induced plasmonic effect
and the curvature effect caused by the narrow gap must be
jointly considered. Accordingly, Approach A was adopted,
with the integral-equation method6 used to compute
Fj�0,
 ,L�. Equations �6.9� and �6.47� of Ref. 28 were em-
ployed to modify 	zz

�j��
� for finite curvature.
As the curvature-induced energy gap 2Eg strongly de-

pends on the chiral angle �, an effective-medium description
of the composite material should take metallic SWCNTs of
all types and radius into account. However, as discussed by
Tasaki et al. �p. 9305 in Ref. 32�, the total contribution of the
small gaps to the effective conductivity is negligible in com-
parison to the Drude term. We find that this is true only for
high �room� temperature and for sufficiently long SWCNTs.
In support of our contention, we present the calculated low-
frequency spectra of Re�	ef f� of a composite material con-
taining, for simplicity, only one type of metallic SWCNTs of
identical length; hence, N1�L�=��L−L0� and ñ2=0. For illus-
trative results, we chose the zigzag �27,0� SWCNTs as the
inclusions, with 2Eg�9.1 meV, that corresponds to the fre-
quency of experimentally observed TCP.18

The computed spectra of Re�	ef f� / f are shown in Fig. 4
for T=50 K and T=300 K. The curvature effect is signifi-
cant only at the lower temperature. At room temperature �T
=300 K�, the contribution of intraband transitions dominates

FIG. 4. �Color online� Frequency dependence of Re�	ef f� / f of a
composite material comprising identical zigzag �27,0� SWCNTs: �a�
L0=20 �m, �b� L0=1.6 �m, and �c� L0=0.1 �m. Note that
Re�	ef f�� f for f �1. The curvature effect was taken into account
at both T=50 K �dotted lines� and T=300 K �dashed lines�. Cal-
culations ignoring the narrow gap at temperatures T=50 K
�dashed-doted line� and T=300 K �solid line� are also presented.
The relaxation frequency �=3�1013 rad s−1 at T=300 K and
�=2.3�1013 rad s−1 at T=50 K.
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the contribution of the curvature effect, and the latter can be
neglected. These results justify the description of the �room-
temperature� experimental data presented in Fig. 3 by a the-
oretical model that neglects the curvature of SWCNTs.

The temperature dependence of 	ef f in the neighborhood
of the TCP is determined by two mechanisms as follows:33

the first is the decrease in � with decreasing T, and the sec-
ond is the change in the occupancies of the conduction and
valence bands, as determined by the Fermi-distribution func-
tion of Eg.

At low temperature �T=50 K�, the axial conductivity of
an SWCNT is mostly determined by a contribution from the
curvature effect that leads to a conductivity peak at the fre-
quency Eg /�� for composite materials comprising suffi-
ciently long SWCNTs; see the dotted line in Fig. 4�a�. For
shorter CNTs, the influence of the depolarization effect is
comparable with the influence of the curvature effect—as
may be seen by comparing the dotted and dashed-dotted
lines in Fig. 4�b�—leading to a single terahertz peak at the
frequency determined by both effects. The effective conduc-
tivity of a composite material comprising sufficiently short
SWCNTs is fully determined by plasmonic effects and has a
resonant peak corresponding to the first geometrical �an-
tenna� resonance of short SWCNTs,6 see Fig. 4�c�.

IV. CONCLUSION

Thus, a finite-length-induced axial plasmonic effect and a
curvature-induced narrow-gap effect do not offer mutually
exclusive interpretations of the experimentally observed
TCP. In general, for realistic composite materials containing
narrow-gap SWCNTs, both mechanisms contribute simulta-
neously and cause the appearance only one terahertz peak.
The combined influence is not merely superposition, either

of the two can dominate but both must be accounted for in
general.

To our knowledge, no direct experimental demonstration
of the correlation of the TCP with the length of the SWCNTs
has ever been reported. This may be so because the mecha-
nism of axial depolarization for the existence of the TCP had
hitherto not been identified. The first indications leading to
this identification came in 2006.6,19 Now, we have given here
a comprehensive analysis of the effects of both finite curva-
ture and finite length on the electromagnetic properties of
SWCNTs in the terahertz regime—a theoretical developed
which is hoped to stimulate experimental efforts.

In conclusion, we presented a theoretical model to explain
a terahertz peak in the effective conductivity of a dilute and
disordered composite material containing SWCNTs as inclu-
sions. The model was applied to interpret available experi-
mental data.13–22 We determined that the dependences of the
effective conductivity on the frequency and temperature arise
from the combined action of two finite-size effects: �i� the
modification of electron transport by the surface curvature of
finite-radius SWCNTs and �ii� an axial depolarization effect
due to the finite length of metallic SWCNTs.
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